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Abstract
We study the quantization problem of relativistic scalar and spinning particles
interacting with a radiation electromagnetic field by using the path integral and the
external source method. The spin degrees of freedom are described in terms of Grass-
mann variables and the Feynman kernel is obtained through functional integration on
both Bose and Fermi variables. We provide rigourous proof that the Feynman ampli-
tudes are only determined by the classical contribution and we explicitly evaluate the
propagators.
1 Introduction.
Many years ago we studied the quantum mechanical interaction of a relativistic material
point (scalar particle) with an external radiation field using the Feynman path integral
method [1]. The eigenfunctions of this problem had been known for a long time [2], and
a beautiful method of evaluating the Green’ s functions had been introduced by Fock
and Schwinger through the solutions of the Heisenberg quantum equations of motion in
the proper time representation [3, 4]. A direct calculation in terms of path integral had
remained unexplored probably due to mathematical difficulties. However, looking at the
problem in a a semiclassical way, in ref. [1] we found a canonical transformation which
made it possible to evaluate in a closed form the Feynman kernel for a scalar particle
interacting with an external electromagnetic wave field and to obtain an exact expression
for the propagator of the theory.
Later on a lot of interest was devoted to theories involving anticommuting (Grassmann)
variables. This was mainly raised by supersymmetries [5], but very soon the relevance of
anticommuting variables in many other fields was realized, [6, 7, 8, 9]. In particular it was
shown that Grassmann variables are suitable tools for giving a classical description of spin
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[6, 7, 8] and internal degrees of freedom of elementary particles [10]. These dynamical the-
ories described by Lagrangians involving ordinary c-numbers and anticommuting numbers
(Grassmann variables) were called pseudoclassical theories and the general approach has
been defined as pseudomechanics, due to the special nature of the variables occuring in
the problem.
Having obtained a pseudoclassical description of many interesting physical systems
it was very natural to investigate the quantization of such systems by path integrals,
performed both on the ordinary and the Grassmann variables (for the general theory of
integration on Grassmann algebras see ref. [11]). This program had already been devel-
oped in some cases; for instance it was shown that the Wilson loop could be reconstructed
as a path integral on Grassmann variables describing the colour degrees of freedom [10, 12].
Other physical systems, such as non-relativistic spinning particles interacting with con-
stant electric and magnetic field and relativistic spinning particles in external crossed static
electromagnetic wave field were studied . In each case, the result was obtained in a quick
and straightforward way, by solving the classical equations of motion both for position and
Grassmann variables. Just a bit of caution had to be taken for systems involving an odd
number of Grassmann variables, like for the non relativistic and for the massive relativistic
spinning particle: it was shown in ref. [13, 14] how to extend the path integral techniques
in such circumstances, by separating from the total phase space a coupled one-dimensional
system and studying the general solution for the latter. For a different approach to the
path integral quantization for a non-relativistic and relativistic spinning particle by using
BRST-invariant path integral see ref. [15].
A further powerful instrument that can be brought to bear to the present context is the
well known external source approach (in our context real and Grassmann sources). Indeed
the aim of this paper is to provide a rigorous determination of the Feynman propagator
for a charged relativistic particle, both scalar and spinning, interacting with an arbitrary
external electromagnetic wave field by using path integral and external sources formalism.
One can ask about the intrinsic interest of this approach apart from the pedagogical
one. We would suggest that it is at least twofold. In the first place the development of
new techniques to solve old problems usually increases their comprehension. Secondly,
new techniques can produce new approximation methods to apply to new problems. In
this particular case we would like to emphasize the use of these methods in statistical
mechanics, where an impressive number of old problems was solved in a very fast way by
using path integrals over Grassmann variables [16].
The paper is organized as follows. In section 2 we present the results for the relativistic
material point in this new framework: they are certainly simpler, due to the simpler
underlying physical model (scalar particle). Next, in section 3, we switch to the spinning
particle and we prove that this approach works well in this case too and we evaluate the
physical Feynman kernel. In the final section 4 we express the physical kernel on a spinor
basis, obtaining a more transparent expression for the Feynman propagator.
2 The path integral for the scalar particle.
The Lagrangian describing the dynamics of a relativistic scalar particle interacting with
an external electromagnetic field is given by
2
 L(x, x˙) = −m
√
x˙2 − e(x˙ ·A) . (1)
This Lagrangian is singular, giving rise to the constraint
χ = [(p− eA)2 −m2] , (2)
and to a vanishing canonical Hamiltonian. According to Dirac [17] we define an extended
Hamiltonian
HE(x, p, α1) = α1[(p− eA)2 −m2] , (3)
and we require the usual form of canonical Poisson brackets
{xµ, pν} = −ηµν , ηµν = (+,−,−,−) . (4)
The Lagrange multiplier α1 for the constraint χ must be chosen to be negative in order
to have a definite positive kinetic part. The extended Lagrangian corresponding to HE is
LE(x, x˙, α1) = x˙2/(4α1)− e(x˙ ·A) + α1m2 . (5)
We assume that the electromagnetic potential Aµ describes the field of an external
plane wave and therefore is of the form
Aµ = ǫµ1f(φ) , (6)
where φ = (k · x), kµ = 1√
2
(1, 0, 0, 1) is the propagation vector and ǫµ1 a transverse real
polarization vector. We find it useful to introduce a second transverse vector ǫµ2 and the
conjugate light-like vector k˜µ = 1√
2
(1, 0, 0,−1): they satisfy the orthonormality relations
k2 = k˜2 = (k · ǫ1) = (k˜ · ǫ1) = (k · ǫ2) = (k˜ · ǫ2) = 0 , (7)
(k˜ · k) = −ǫ21 = −ǫ22 = 1 . (8)
We shall derive the amplitude for the propagation of the particle interacting with
the external field, using the path-integral technique as developed by Feynman [18]. If
xi = x(τi) is the initial point, and xf = x(τf ) is the final one (τi < τf ), we get
Kfi = K(xf , τf , xi, τi) = c
(xf ,τf )∫
(xi,τi)
D[x(τ)] exp
(
i
τf∫
τi
dτ LE(x, x˙, α1)
)
(9)
where the constant c is determined by the condition
lim
τf→τi
K(xf , τf , xi, τi) = δ
4(xf − xi) (10)
and the physical propagator is obtained by the integral
Kphys =
0∫
−∞
d(α1∆τ)Kfi (11)
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where ∆τ = τf−τi . The calculation is done by introducing the shift xµ(τ) = xµc (τ)+yµ(τ)
where xµc (τ) is the classical path which satisfies the equation of motion
x¨µc (τ) = −2α1eFµν (xc(τ))x˙νc (τ) (12)
and by integrating over the deviation yµ(τ) from the classical path xµc (τ) with the boundary
conditions yµ(τf ) = y
µ(τi) = 0. In equation (12) F
µ
ν is the electromagnetic tensor of the
potential Aµ. A series expansion in terms of yµ then gives
Kfi = e
iSc
(0,τf )∫
(0,τi)
D[y(τ)] exp
{
i
τf∫
τi
dτ
[ 1
4α1
y˙2 − e(ǫ1 · x˙)
∞∑
n=2
f (n)(φ)
n!
(k · y)n
− e(ǫ · y˙)
∞∑
n=1
f (n)(φ)
n!
(k · y)n
]}
(13)
where Sc =
∫ τf
τi
dτLE(xc, x˙c, α1) is the classical action corresponding to the extended
Lagrangian LE . By introducing the functional differential operators
Pn(k, J) =
1
n!
n∏
ℓ=1
(kνℓ
i
δ
δJνℓ(τ)
)
(14)
the propagator takes the form
Kfi = e
iSc exp
{
i
τf∫
τi
dτ
[
− e(ǫ1 · x˙)
∞∑
n=2
f (n)(φ)Pn(k, J)
− e(ǫ1ν0)
∞∑
n=1
f (n)(φ)Pn(k, J)
d
dτ
1
i
δ
δJν0(τ)
]}
K[J ]
∣∣∣
J=0
(15)
where
K[J ] =
(0,τf )∫
(0,τi)
D[y(τ)] exp
{
i
τf∫
τi
dτ
[ y˙2(τ)
4α1
+ Jµ(τ)y
µ(τ)
]}
(16)
is the path-integral for a free system in the presence of an external source Jµ(τ). The
latter is easily calculated and reads
K[J ] = −i(4πα1(τf − τi))−2 exp
{2iα1∆(J)
τf − τi
}
. (17)
Here ∆(J) =
∫ τf
τi
dτ
∫ τ
τi
dσ(τf − τ)Jµ(τ)Jµ(σ)(σ − τi) is the contribution of the source to
the classical solution. By using the Green function of the classical free system, G(τ, σ) =[
(τf − τ)(σ − τi)ϑ(τ − σ) + (τf − σ)(τ − τi)ϑ(σ − τ)
]
, a simple computation shows that
δ
δJνi(τ)
e2iα1∆(J)/∆τ = (2iα1/∆τ)e
2iα1∆(J)/∆τ
∫ τf
τi
dσG(τ, σ)Jνi (σ) (18)
and
δ
δJνi(τ)
δ
δJνj (τ)
e2iα1∆(J)/∆τ = (2iα1/∆τ)e
2iα1∆(J)/∆τ gνiνj G(τ, τ)+
4
(4iα1/∆τ) e
2iα1∆(J)/∆τ
∫ τf
τi
dσ1
∫ τf
τi
dσ2G(τ, σ1)Jνi(σ1)G(τ, σ2)Jνj (σ2) . (19)
Similar equations hold for the terms containing higher order derivatives.
We therefore see that both ǫ1ν0Pn(k, J)
d
dτ
1
i
δ
δJν0(τ)
exp
{
2iα1∆(J)/∆τ
} ∣∣∣
J=0
and
Pn(k, J) exp
{
2iα1∆(J)/∆τ
}∣∣∣
J=0
, as well as the action of all possible mixed products
of Pn corresponding to different values of the proper time over exp
{
2iα1∆(J)/∆τ
}
, are
vanishing at Jµ = 0 due to the relations (7). In other words
exp
{
i
τf∫
τi
dτ
[
− e(ǫ1 · x˙)
∞∑
n=2
f (n)(φ)Pn(k, J)
]}
·
exp
{
i
τf∫
τi
dτ
[
− e
∞∑
n=1
f (n)(φ)Pn(k, J) ǫ1ν0
d
dτ
1
i
δ
δJν0(τ)
]}
K[J ]
∣∣∣
J=0
= K[J ]
∣∣∣
J=0
. (20)
and we finally get
Kfi = −i(4πα1(τf − τi))−2 eiSc , (21)
so that the propagator is expressed in terms of the classical action only. To evaluate the
action Sc we have therefore to solve the classical equations of motion (12) or by projecting
on the basis kµ, k˜µ, ǫµ1 , ǫ
µ
2 the equations
(k · x¨) = 0 , (ǫ2 · x¨) = 0
(ǫ1 · x¨) = −2α1e(k · x˙)f ′(φ) , (k˜ · x¨) = −4α1e(ǫ1 · x˙)f ′(φ) (22)
where f ′(φ) is the derivative with respect to the argument. Letting φi = k · xi and
φf = k · xf , their solution, although somewhat lengthy, is straightforward and reads as
follows:
(k · x)(τ) = (k · xi) +
(k ·∆x)
∆τ
(τ − τi)
(ǫ1 · x)(τ) = (ǫ1 · xi) +
[(ǫ1 ·∆x)
∆τ
+
2α1e
(k ·∆x)
φf∫
φi
dφf(φ)
]
(τ − τi)−
2α1e∆τ
(k ·∆x)
φ∫
φi
dφf(φ)
(ǫ2 · x)(τ) = (ǫ2 · xi) +
(ǫ2 ·∆x)
∆τ
(τ − τi)
(k˜ · x) = (k˜ · xi) +
[(k˜ ·∆x)
∆τ
+
4α1e(ǫ1 ·∆x)
(k ·∆x)2
φf∫
φi
dφf(φ) +
8α21e
2∆τ
(k ·∆x)3
( φf∫
φi
dφf(φ)
)2
− 4α
2
1e
2∆τ
(k ·∆x)2
φf∫
φi
dφf2(φ)
]
(τ − τi)−
[
4α1e
∆τ(ǫ1 ·∆x)
(k ·∆x)2
φ∫
φi
dφf(φ)
+ 8α21e
2 (∆τ)
2
(k ·∆x)3
( φf∫
φi
dφf(φ)
) φ∫
φi
dφf(φ)− 4α21e2
(∆τ)2
(k ·∆x)2
φ∫
φi
dφf2(φ)
]
(23)
where we have defined ∆xµ = (xµf − xµi ).
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The explicit form of the classical action turns out to be
Sc =
∆τ
4α1
[
(
∆x
∆τ
)2 + 4α21m
2
]
− α1e
2∆τ
(k ·∆x)
φf∫
φi
dφA2(φ) +
α1e
2∆τ
(k ·∆x)2
( φf∫
φi
dφAµ(φ)
)2
− e∆x
µ
(k ·∆x)
φf∫
φi
dφAµ(φ) (24)
and the final integration of (21) over α1∆τ , as in equation(11), gives the physical propa-
gator in agreement with previous results [1, 4].
3 The path integral for the spinning particle.
We now calculate the propagator for a spinning particle in an external plane wave. The
pseudoclassical description of a spin-1/2 particle interacting with an arbitrary external
electromagnetic field has been already described in [7] and the Lagrangian is
 L(x, x˙, ξµ, ξ˙µ, ξ5, ξ˙5) = −
i
2
(ξµξ˙
µ + ξ5ξ˙5)−
√
m2 − ieFµνξµξν
√
(x˙µ − i
m
ξµξ˙5)2 − ex˙µAµ
(25)
Analogous results, with minor differences, were found in [8], while the general theory of
quantization Fermi-Bose systems is explained in [6].
The Lagrangian (25) is singular and produces the two first class constraints
χ = (p− eA)2 −m2 + ieFµνξµξν , (26)
χD = (p − eA) · ξ − imπ5 − (m/2)ξ5 , (27)
and the second class constraints
χµ = πµ − (i/2)ξµ . (28)
The extended Hamiltonian, compatible with (26, 27) is
HE = α1
[
(p − eA)2 −m2 + ieFµνξµξν
]
+ iα2
(
(p− eA) · ξ
)
+mα2
(
π5 −
i
2
ξ5
)
(29)
The further second class constraints
χ5 = π5 + (i/2)ξ5 , (30)
will be imposed directly on the states, thereby restricting the Hilbert space of the system.
The relevant Dirac brackets are
{ξµ, ξν} = iηµν , {π5, ξ5} = −1 . (31)
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According to the common practice for the path integration in quantum mechanics of
an even number of Grassmann variable, [14, 19], we substitute the ξµ variables with their
holomorphic combinations
η1 =
1√
2
(ξ0 + ξ3) , η¯1 = −
1√
2
(ξ0 − ξ3) , (32)
η2 =
1√
2
(ξ1 + iξ2) , η¯2 =
1√
2
(ξ1 − iξ2) , (33)
(observe the useful identity zµξ
µ = −(η¯αzα + ηαz¯α) ). For the path integration on the
(ξ5, π5) variables we follow the procedure given in [13, 14]. The propagator takes the form
Kfi =
∫
dπ5f
i e
iξ5fπ5f
(η¯f ,xf ),τf∫
(ηi,xi),τi
D(η, η¯)D(x)
π5f ,τf∫
ξ5i,τi
D(ξ5, π5)
e
[
i
2
(π5f ξ5(τf ) + π5(τi)ξ5i) +
1
2
(η¯αfηα(τf ) + η¯α(τi)ηαi)]
e iSE(η, η¯, x)
exp
{
i
τf∫
τi
[1
2(π˙5ξ5 + ξ˙5π5)−mα2(π5 −
i
2ξ5)
]}
(34)
where
SE =
τf∫
τi
dτ
{ i
2(η¯αη˙α − ˙¯ηαηα) +
1
4α1
x˙2 + α1m
2
+
iα2
2α1
(x˙ · ξ)− e(x˙ ·A)− ieα1Fµνξµξν
}
(35)
is the extended action. The shift from the classical or pseudoclassical path
xµ = xµc + y
µ , ηα = ηαc + ψa , η¯a = η¯αc + ψ¯α , (36)
ξ5 = ξ5c + ψ , π5 = π5c + χ , (37)
implies that the boundary conditions
yµ(τi) = y
µ(τf ) = 0 , ψα(τi) = ψ¯α(τf ) = 0 , ψ(τi) = χ(τf ) = 0 (38)
have to be imposed when integrating over the shifted variables.
We next observe that the propagator factorizes as
Kfi = K5KcKq , (39)
where the meaning of the three factors will be explained here below.
First of all it is rather evident that K5 refers to the contribution of the path integral
over ξ5 and π5. The explicit calculation has been developed in [14] and we quote the final
result:
K5 = (ξ5f − ξ5i)−mα2∆τ e−ξ5fξ5i/2 (40)
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The factor Kc accounts for the classical contribution including the necessary surface terms,
as explained in [19],
Kc(ηi, η¯f , xi, xf ) = exp
{1
2
(η¯αfηαc(τf ) + η¯αc(τi)ηαi) + iSE(ηc, η¯c, xc)
}
(41)
and the classical variables satisfy the equations of motion
x¨µc = −2eα1Fµν x˙νc − iα2ξ˙µc − 2ieα21(
∂
∂xµ
Fνρ)ξ
ν
c ξ
ρ
c , (42)
ξ˙µc = −
α2
2α1
x˙µc − 2eα1Fµνξνc . (43)
The third factor Kq represents the contribution of the quantum fluctuations and it is a
straightforward generalization of that obtained in the scalar case. We can assume, without
losing in generality, that the plane wave field is of the form
Aµ(x) = −2−1/2(ǫµ + ǫ∗µ) f(φ) = ǫµ1f(φ) (44)
with ǫµ = 1√
2
(0,−1, i, 0) and ǫ∗µ = 1√
2
(0,−1,−i, 0). The corresponding electromagnetic
tensor is therefore
Fµν(x) = fµνf ′(φ) , fµν = kµǫν1 − kνǫµ1 (45)
and we finally write
Kq =
0,τf∫
0,τi
D[ψα(τ), ψ¯α(τ)]D[y(τ)] exp
{
i
τf∫
τi
dτ
([
− i2(ψ · ψ˙) +
1
4α1
y˙2 + i
α2
2α1
(ψ · y˙)
]
−
[
e(x˙ · ǫ1)
∞∑
n=2
1
n!f
(n)(φ)(k · y)n + e(y˙ · ǫ1)
∞∑
n=1
1
n!f
(n)(φ)(k · y)n
+ieα1 ξ
µξν fµν
∞∑
n=2
1
n!
f (n+1)(φ)(k · y)n + ieα1 ψµψν fµν
∞∑
n=0
1
n!
f (n+1)(φ)(k · y)n
+2ieα1 ξ
µψν fµν
∞∑
n=1
1
n!f
(n+1)(φ)(k · y)n
] )}
(46)
Recalling the definition (14) of the functional differential operators and introducing Bose
and Fermi external sources, Jµ and λµ respectively, we have
Kq = exp
{
i
τf∫
τi
dτ
[
i
α2
2α1
δ
δλµ
d
dτ
(1
i
δ
δJµ
)
− e(x˙ · ǫ1)
∞∑
n=2
f (n)(φ)Pn(k, J)
−e ǫν0
∞∑
n=1
f (n)(φ)
d
dτ
(1
i
δ
δJν0
)
Pn(k, J) − ieα1 fµν ξµξν
∞∑
n=1
f (n+1)(φ)Pn(k, J)
−ieα1 fµν δδλµ
δ
δλν
∞∑
n=0
f (n+1)(φ)Pn(k, J) − 2ieα1 fµν δδλµ ξ
ν
∞∑
n=1
f (n+1)(φ)Pn(k, J)
]}
·K[J ]G[λ ]
∣∣∣
(J=0, λ=0)
(47)
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Here K[J ] is given in (16,17), while
G[λ ] =
0,τf∫
0,τi
D(ψα, ψ¯α) exp
{
i
τf∫
τi
dτ
[
− i
2
ψµψ˙
µ − iλµψµ
]}
= exp
{
− 12
+∞∫
−∞
du
+∞∫
−∞
ds
[
λ¯α(u)D(u, s)λα(s)
]}
. (48)
where
D(u, s) = 2 θ(τf − u) θ(u− s) θ(s− τi) (49)
is the Green function of the free pseudoclassical system.
By taking into account the results obtained in equation (20) for the scalar case, the
further relations
fµν (δ/δλµ)(δ/δλν ) = −(δ/δλ¯1)
(
(δ/δλ2) + (δ/δλ¯2)
)
(50)
− (δ/δλ¯1)
(
(δ/δλ2) + (δ/δλ¯2)
)
exp
{
− λ¯α λα
}∣∣∣
(λ=λ¯=0)
= 0 (51)
and ( δ
δλµ
δ
δJµ
ξρfρσ
δ
δλσ
kν
δ
δJν
)
K[J ]G[λ ]
∣∣∣
(J=λ=0)
= 0 , (52)
we finally have for Kq the same result as in the scalar case, namely
Kq = −i(4πα1∆τ)−2 . (53)
In conclusion, the propagator we are looking for is again fully determined once we
compute the classical contribution Kc. We find it convenient to write the latter separating
in the exponent the normalization factor of coherent states, the even Bose and even Fermi
parts and the odd Fermi part, exp
{
η¯αfηαi
}
, EB , EF and OF respectively, i.e.
Kc = exp
{
η¯αfηαi + iEB + EF + β2OF
}
, (β2 = α2∆τ) . (54)
EB EF and OF are obtained by solving the classical equations of motion. Explicitly, with
β1 = α1∆τ ,
EB =
(∆x)2
4β1
+ β1m
2 − e
2β1
(k ·∆x)
φf∫
φi
dφA2(φ) +
e2β1
(k ·∆x)2
( φf∫
φi
dφA(φ)
)2
− e∆x
µ
(k ·∆x)
φf∫
φi
dφAµ(φ) , (55)
EF = −
2eβ1
(k ·∆x) η¯1f (η¯2f + η2i)
(
f(φf )− f(φi)
)
, (56)
OF =
1
2β1
[
η¯1f (k˜ ·∆x) + η¯2f (ǫ∗ ·∆x)− η1i(k ·∆x) + η2i(ǫ ·∆x)
]
9
−e(η¯2f + η2i) f(φi) + e(k ·∆x) (η¯2f + η2i)
φf∫
φi
dφf(φ)
+
[ e∆xµ
(k ·∆x)2
φf∫
φi
dφAµ(φ) +
e2β1
(k ·∆x)2
φf∫
φi
dφA2(φ)− 2e
2β1
(k ·∆x)3
( φf∫
φi
dφA(φ)
)2
− 2e
2β1
(k ·∆x)2
(
f(φf ) + f(φi)
) φf∫
φi
dφf(φ) +
2e2β1
(k ·∆x) f(k · xf )f(k · xi)
−e (ǫ
∗ ·∆x)
(k ·∆x) f(k · xf )−
e (ǫ ·∆x)
(k ·∆x) f(k · xi)
]
η¯1f . (57)
We now collect all the contributions K5, Kq, Kc and we integrate over the Lagrange
multipliers associated to the first class constraints. We get an integrated kernel
Kint =
0∫
−∞
dβ1
∫
dβ2
− i eη¯αfηαi
(4πβ1)
2 e
iEB eEF eβ2OF
(
(ξ5f − ξ5i)−mβ2 e
1
2
ξ5fξ5i
)
=
0∫
−∞
dβ1
∫
dβ2
− ieη¯αfηαi
(4πβ1)
2 e
iEB (1 + EF )(
(1 + β2OF ) (ξ5f − ξ5i)−mβ2 e−
1
2
ξ5fξ5i
)
(58)
This is not yet the true physical kernel. As already said, the second class constraint
(30) imposes a restriction on the Hilbert space of the states. We will now produce the
projection operator that does the job. Introducing, as in [14], the symbol # to indicate a
change of sign for all the odd variables inside the state vector, we have
Kphys =
∫ (
ψ∗f (ξ5f )phys ψ¯f (ηf ) Kint ψi(η¯i)
# ψi(ξ5i)
#
phys
)
dµ(ηf ) dµ(ηi) dξ5f dξ5i
=
∫
2−1/4(1, 2−1/2)
(
1
ξ5f
)
〈ψf |γ0|ηf 〉 Kint 〈−η¯i|ψi〉 2−1/4(1,−ξ5i)
( 1
2−1/2
)
·
dµ(ηf ) dµ(ηi) dξ5f dξ5i (59)
where |ψ〉 represents an arbitrary four component spinor.
4 The kernel in spinor basis.
The propagator contains the complete information on the quantum system and in partic-
ular the wave equation itself can be deduced from it. This is what we are going to do in
this last section and to this purpose we begin by rewriting the different terms composing
the physical kernel as matrix elements between states of the quantum space:
Kphys =
0∫
−∞
dβ1
i
(4πβ1)
2 e
iEB 〈ψf |γ0
(
ÔF + ÊFOF +
mγ5√
2
ÊF +
mγ5√
2
)
|ψi〉 . (60)
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The appearance of γ5 in equation(60) is due to the fact that in the basis chosen for the
coherent states |η〉 we have the relation γ5|η〉 = −|− η〉 [14]. It can be verified by a direct
calculation that the explicit form of the operators reproducing the kernel (59) are the ones
given here below.
ÔF = −(∆x · ξ̂)2β1 −
e∆xµ
(k ·∆x)2
φf∫
φi
dφ(k · ξ̂)Aµ(φ) + 2e
2β1
(k ·∆x)3
( φf∫
φi
dφAµ(φ)
)2
(k · ξ̂)
−e
2β1(k · ξ̂)
(k ·∆x)
( 1
(k ·∆x)
φf∫
φi
dφ
(
A2(φ) + (A(φf ) ·A(φ)) + (A(φ) · A(φi))
)
−(A(φf ) ·A(φi))
)
+
e
(k ·∆x)
φf∫
φi
dφ(A(φ) · ξ̂)− e(A(φi) · ξ̂) +
(e(ǫ∗ ·∆x)
(k ·∆x) f(φf )
+
e (ǫ ·∆x)
(k ·∆x) f(φi)
)
(k · ξ̂) , (61)
ÊFOF = −
e
(k ·∆x)
[
− (k · ξ̂)(ǫ · ξ̂)(ǫ∗ · ξ̂)((ǫ− ǫ∗) ·∆x)
+ (k · ξ̂)((ǫ + ǫ∗) · ξ̂)(k˜ · ξ̂)(k ·∆x)
](
f(φf )− f(φi)
)
, (62)
and
ÊF =
2eβ1
(k ·∆x)
(
(k · ξ̂) ([A(φf )−A(φi)] · ξ̂)
)
. (63)
We must now choose a representation for the algebra of the operators ξ̂µ. Two possible
choices are given by the following relations:
ξ̂µ = iγµ/
√
2 , ξ̂µ = γ5γ
µ/
√
2 . (64)
By substituting (64) into equations (61,62,63), the operator which represents the physical
kernel becomes
K̂phys(f, i) =
Γ√
2
∞∫
0
ds
i
(4πs)2
exp
{
i
[
− (∆x)
2
4s −m2s+
e2s
(k ·∆x)
φf∫
φi
dφA2(φ)
− e
2s
(k ·∆x)2
( φf∫
φi
dφAµ(φ)
)2 − e∆xµ
(k ·∆x)
φf∫
φi
dφAµ(φ)
]}
·
[
m+
γ ·∆x
2s + s
em
(k ·∆x) (k · γ)
(
(A(φf )−A(φi)) · γ
)
+
e
2(k ·∆x)
(
(k · γ)(A(φf ) · γ)(∆x · γ)− (∆x · γ)(k · γ)(A(φi) · γ)
)
− e
2s
(k ·∆x)(k · γ)(A(φf ) · γ)(A(φi) · γ) +
e
(k ·∆x)
φf∫
φi
dφ(A(φ) · γ)
11
− e
(k ·∆x)2 (k · γ)∆x
µ
φf∫
φi
dφAµ(φ) +
e2s
(k ·∆x)2 (k · γ)
φf∫
φi
dφA2(φ)
− 2e
2s
(k ·∆x)3 (k · γ)
( φf∫
φi
dφAµ(φ)
)2
+
e2s
(k ·∆x)2 (k · γ)
φf∫
φi
dφ
(
(A(φf ) · γ)(A(φ) · γ) + (A(φ) · γ)(A(φi) · γ)
) ]
, (65)
where Γ turns out to be a factor i for the first representation in equations (64) and Γ = γ5
for the second one. Notice that if we choose the first and simpler representation we have
to perform a Pauli-Gursey transformation on the physical spinors
|ψ〉 → exp
{
i
π
4
γ5
}
|ψ〉 , (66)
to obtain equation (65). In this case it is then easy to verify that
[
iγµ
∂
∂xµf
− eγµAµ(xf ) +m
]
∆F (xf , xi|A) = i
√
2 K̂phys . (67)
where we have defined
∆F (xf , xi|A) =
∞∫
0
ds
− i
(4πs)2
exp
{
i
[
− (∆x)
2
4s −m2s+
e2s
k ·∆x
φf∫
φi
dφA2(φ)
− e
2s
(k ·∆x)2
( φf∫
φi
dφAµ(φ)
)2 − e∆xµ
(k ·∆x)
φf∫
φi
dφAµ(φ)− es2(k ·∆x)
φf∫
φi
dφσµνFµν(φ)
]}
.
(68)
and ∆F (xf , xi|A) satisfies the squared Dirac equation
[ ∂
∂xµ
∂
∂xµ
+ 2ieAµ
∂
∂xµ
+−e2A2 +m2 + e
2
σµνFµν
]
∆F (x, y|A) = i δ4(x− y) . (69)
We therefore conclude that the physical kernel is indeed the propagator for a spinor particle
in the external electromagnetic field, since it satisfies the Dirac equation
[
iγµ
∂
∂xµ
− eγµAµ(x)−m
]√
2 K̂phys(x, y) = − δ4(x− y) . (70)
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